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NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 

TECHNICAL NOTE D- 19 18 

ON ISOMETRIC DEFORMATION O F  SCREW SURFACES 

BY 

G. W. Schindler 

SUMMARY 15373 
A study of s t r a in - f r ee  deformation mechanisms of su r faces  that a r e  

capable of folding into a flat annular disk of vanishing engulfed volurr,e i s  p re -  

sented. The  approach used follows a technique of i some t r i c  mapp ing  

INTRODUCTION 

The  u s e  of packageable and deployable s t ruc tu ra l  devices is of in te res t  

f o r  a va r i e ty  of space  applications where  relatively l a r g e  su r faces  a n d / o r  en- 

closed volumes a re  required,  but where  payload s ize  l imitations in available 

boos t e r s  prevent the i r  e g r e s s  f r o m  t e r r e s t r i a l  a tmosphere in  expanded con- 

dition. Another sou rce  of interest  f o r  foldable s t ruc tu ra l  devices  r e s t s  in  the 

need f o r  containers  of var iable  volume which a r e  useful f o r  expulsion of liq- 

uids, pa r t i cu la r ly  of rocket propellants.  In e i ther  case ,  reduction of en- 

closed volume, f rontal  a r e a ,  and package size to a minimum is des i r ed .  

The  problem of finding specific, packageable su r faces  has  been a p  - 
proached by defining a par t icular  su r f ace  in a folded, packaged configuration 

and, then, by defining possible s t r a in - f r ee  expanded geometr ical  configura- 

t ions of the s a m e  su r face  for  which continuous and topologically pe rmis s ib l e  

i somet r i c  t ransformations exist. Thus, the problem of foldability has  been 

inverted by defining the original surface in the desirable ,  folded configuration 

f i r s t ,  and then by generating geometr ical  shapes that can conform to  the  de- 

s i r ed  pa t t e rn  (reference l ). 
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SYMBOLS 

C 

d s  

f 

n 

P, q, r, s 

S 

W 

constant 

l ine element 

radius  vector  function a t  original surface 

integer 

deformation p a r a m e t e r s  

su r face  

auxi l iary function 

Euclidian coordinates 

functions describing deformed su r faces  

su r face  p a r a m e t e r s  

Plain subsc r ip t s  r e f e r  to par t ia l  der ivat ives ,  subscr ipts  in  parentheses  

indicate the va r i ab le  of the function, supe r sc r ip t  stars indicate functions r e -  

f e r r ing  to the deformed surface.  

ANALYSIS 

A su r face  S which can be deformed by bending without stretching, com- 

pressing,  o r  tear ing,  is said to  pe rmi t  a n  i s o m e t r i c  deformation. The neces-  

s a r y  and sufficient condition for  a n  i somet r i c  deformation is that the l ine ele- 

ment of S r ema ins  unchanged during the  deformation p rocess .  

It is known that,  apa r t  f r o m  the group of rigid displacements re la t ive to 

the Euclidian space,  ce r t a in  surfaces ,  including sphere and to rus ,  cannot be 

deformed isometr ical ly  without violating some  differentiability conditions on 

the radius  vector  describing the surface ( r e fe rence  2). In loosening t h e s e  

constraints  and admitting a ce r t a in  folding mechanism, however, the c l a s s  of 

possible i somet r i c  deformations of a given su r face  can be extended consider-  

ably. 

enclosed o r  engulfed by the deformed surface is  as small as desired.  

This  class m a y  cover the solution to  the problem where  the volume 
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Let (x, y, z )  denote a n  Euclidian sys t em of coordinates.  Consider the 

surface S descr ibed by the p a r a m e t e r  equations 

where  5 and cp a r e  the su r face  p a r a m e t e r s .  The function f is a s sumed  to 

be a continuous, piecewise] differentiable and non-negative function of 5 
within the interval  5 
this  interval ,  

s t ra ight  l ine which cove r s  once o r  s eve ra l  t i m e s  ce r t a in  p a r t s  of the positive 

If it is fu r the r  a s sumed  x-axis  , according to  the par t icular  choice of f 

that none of the mer id i ans  cp and cp t 2nn , n = 0, 1, . . . , coincide, then S 

r ep resen t s  a winding su r face  with z e r o  advancing r a t e  in z-direction. 

volume engulfed by S is apparent ly  zero.  

face is shown in f igure 1. 

( 5  1 

5 5 5 ,  , 5o < 5 ,  which vanishes identically outside 
0 

The su r face  S is a planar rotational surface generated by a 

( 5 )  * 

The 

A realization of this  type of s u r -  

The  l ine element of S is given by the f i r s t  fundamental f o r m  ( r e f e r -  

ences  2 and 3)  

df where  f '  denotes the derivative - 
de 

It is useful to  choose the p a r a m e t e r  5 as the a r c  length of the mer id -  

F r o m  equation (1) it follows then that f '  ians  9 = Constant . 
case .  The  function f 

= f 1 f o r  this  ( 5  1 
can  be defined, m o r e  p rec i se ly  as follows: ( 5  1 
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Here,  t i  denote those points of the interval  5 
f '  

to < 5 ,  < 5 ,  < 

and A t .  = 5 - 
to  t he  conditions 

c 

5 6 ,  where  the der ivat ive 
0 

is discontinuous; the values of 5 .  m a y  sat isfy the inequality ( 5 )  1 

- < EN- < 5 ,  . sign ( A t . )  stands f o r  plus o r  minus  one, 
1 

. Since f is continuous, the constants c a r e  subject ( 5 )  i 1 i ti-1 

t s ign (ASi t l )  * 5 , i = l ,  2, . . .  , N -  1 (4)  i t 1  i t sign(ASi) a Si = c i 

96 
Consider now another surface S descr ibed by 

* * * 
where  the functions x , y , and z depend not only on the va r i ab le s  5 
and cp , but a l s o  on some additional deformation p a r a m e t e r s  p, 9 , .  . . . The 

line element of S 
X C  

is given by 

x:2 :k 2 :::2 
t z ) dcp2 

f bq f Yq cp 

The subsc r ip t s  indicate the par t ia l  der ivat ives  of the coordinates x, y, z with 

respect  to  the indicated p a r a m e t e r s  5 and cp . 
2 ::< 

The  su r face  S is i somet r i c  to the su r face  S if  the  l ine elements  d s  
96 2 

and d s  a r e  identical, that i s  if 
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The second equation of equations ( 7 )  is a r e su l t  of the orthogonality of the 

pa rame te r  l ines  Q = Constant and 6 = Constant . 
+ 

The su r face  S i s  obtained by a n  i somet r i c  deformation of t he  surface 

S if equations ( 7 )  a r e  satisfied,  and a se t  of pa rame te r  values p o J q o #  * ' 

exis ts  such that the equations 

hold. The problem of finding i somet r i c  deformations of the given su r face  S 

is thus reduced to  solving the  sys t em of par t ia l  differential  equations (7) and 

satisfying equations (8). 

SOLUTIONS 

(9) 

A c l a s s  of i some t r i c  deformations of the original su r f ace  S is obtained 

by letting 
96 

1 x = cos  pp? t 8 ( 5 )  s in  pv 

.b 'I. 

Y = a(() s in  P1p - "(5) c o s  P'p 

z = Y ( ( 5 )  t q * cp 
g 

with the  "twist" and "s t re tch" deformation p a r a m e t e r s  p and q respectively,  

and with still a r b i t r a r y  functions a ,  f l  , and y , which depend on 6 only. 

The l ine element i s  given by 
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The functions Cy , 8 ( 5 )  , and have to  sat isfy the conditions f o r  

i some t ry  

2 2  
P @(I)  + B;() + q2 = f;() 

Solutions of equations (11) can  b e  obtained by letting 

a -  - cos  w 
P 

B =  ' d n  P sin w 

These  f o r m s  f o r  Cy and B ( € 1  * 
with the generating function w These  f o r m s  f o r  Cy and B ( € 1  * 
with the generating function w 

Solutions of equations (11) can  b e  obtained by letting 

a -  - cos  w 
P 

B =  ' d n  P sin w 

(12) 

sat isfy appar-  

ently the third equation of equations (1 1). Differentiation leads to  

s i n w  } ' 
1 

Q' = - c o s w  - w' 

cos  w ] 1 B' = - s i n w  t w' 

Equations (12) and (13) a r e  now to  be in se r t ed  into the second 

of equations (1 1) and furnish 

y = - 1 ( f 2 - q )  2 ' w' 
P9 

I 

(13) 

equation 

(14) 

Inserting equations (13) and (14) into the first equation of equations 

(11) r e su l t s  in  

( f2  - q2)2 wI2 = f '  2 (15a) 
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o r ,  a f t e r  solving f o r  w' , 

- * - i y m . f '  
2 

w' - 
f ( f 2  - q ) 

Integration yields 

2 2 2  
df t r I V ( p 2  - 1) f - p q 

"(5) = * q l  f ( f 2  - q 2 ) 
f 
0 

where  r is a n  integrat ion constant represent ing a rigid body rotat ion of t he  

sur face  around the  z-axis.  

Inserting express ions  (15a) into (14), it follows after integration 

2 2 2  
df t s V ( p 2  - 1) f 

y ( 5 )  P f 
- p q 

0 
f 

whe re  s is a l s o  a n  integration constant represent ing a rigid body t r ans l a -  

t ion of t he  sur face  along t h e  z-axis .  

.Ir 

The  sur face  S." represented  by  equations (9)  is now given by the  

p a r a m e t e r  representa t ion  

( p  2 - 1 ) f  2 - p q  2 2  d f - . ]  

- - cos  [.. f q /  2 

f 
0. .I. 

x -  
f ( f 2  - q ) P 

f 
0 

d ( p 2  - 1) f 2 - p 2 2  q d f - 4  
- '+- - s i n  [W * q /  2 

4 1. 

f ( f 2  - q 1 P Y -  

O 
f 

.l, -8- 
2 2 2  

P f d f t q - c p t  s = *LJ  4 P 2 -  l ) f  - p q  

0 
f 
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Letting h e r e  p = 1 , 

Hence, the fou r -pa rame t r i c  family of sur faces  S resu l t s  f r o m  i somet r i c  

deformations of S . 

q = r = s = 0 , the  or iginal  surface S is obtained. 
.a, -0. 

DISCUSSION 

.I, ,a- 

In discussing the sur faces  S , it  is observed that the l ines  5 = Constant 

(which include f = Constant) a r e  sp i r a l s  advancing in z-direct ion with constant 

advancing r a t e  q .  Thei r  projections into the  x, y-plane a r e  c i r c l e s  of rad ius  

- d m -  . Hence, t hese  curves  lie on c i rcu lar  cyl inders  uf rad ius  

. 
P(E) -; ( 5 )  

7 5 )  Another special  fea ture  r e su l t s  f r o m  the  fact  that e i ther  the  upper o r  

the  lower sign of the  in tegra ls  i n  equations (18) m a y  be  chosen. 

continuous piecewise differentiable function of 5 as  considered ea r l i e r ,  with 

der ivat ives  f '  

If f i s  a (5 1 

= t 1  f o r  6 5 5 5 6,  , f i e )  = -1  for  5, < 5 5 5 ,  , then ( 5  1 0 

the  

ting 

t en  

df = 

Since f i s  positive within the  en t i re  interval  5 5 6 ,  , t he  sign of 

Let-  
( 5 )  0 

ntegra ls  m a y  be  chosen in  such a manner  that *df = -d( f o r  all 5 . 
, the  z-component in  equations (18) can  be  wri t -  ( 5 , )  = f2  

= f and f ( 5  1 0 
f 

0 

n the  f o r m  

0 
5 

F r o m  th is  equation it can be deduced that the l ines  5 = 5 
incide b y  choosing the  p a r a m e t e r s  p and q properly.  

and 5 = 5 ,  m a y  co- 
0 

More  prec ise ly ,  the 
J, ,I- d. . :. 

and z = z m a y  coincide. The ( 5 , ,  cp -t 277) 
points of the space cu rves  

condition for  that i s  
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J 

0 
5 

A realization of such a surface i s  shown in figure 2. 

topological cha rac t e r  of a cylinder, and can maintain this  cha rac t e r  through- 

out the deformation p rocess .  This r equ i r e s ,  however, that a relative sliding 

motion of the joint 5 = 5 

This surface has  the 

15, can occur.  
0 

.I, 

It should be noted that the surface S"' is  r e a l  only if the radicand 
.I, 2 2 2 2  *,- 

(p  - 1 f(() - p q i s  non-negative. Let f .,, = f be the minimum of f with- 
( 5  ''.) 

in the interval  5 5 5 5 ,  , The real i ty  condition, then, i s  
0 

It r e su l t s  that the "twist pa rame te r  p" has  to be g r e a t e r  than o r  equal to 

unity: 

pz 1 ( 2 3 )  

and the advancing r a t e  q is r e s t r i c t ed  b y  

-l 

Finally,  it will be  observed that i some t r i c  su r faces  of f o r m s  other than those 

given by equations ( 9 )  a r e  possible. 

the advance r a t e  i s  not constant i s  shown in figure 3 .  

A realization of such a surface in which 

Astro F.esearch Corporation 
Santa Barba ra ,  California 

August 29, 1962 



10 

REFERENCES 

1. Schuerch, H. U., and Schindler,  G. M. : A Contribution to  the  Theory  
of Folding Deformations in  Expandable S t ruc tures  with a Pa r t i cu la r  
Application to Toroidal  Shells. 
20  Ju ly  1961 ( N L S A  access ion  number N62-13366) .  

As t ro  Resea rch  Corporat ion,  

2 .  Blaschke, W. : Differential  Geometr ie .  Spr 

3 .  Struick, D. J. : Differential  Geometry.  Add 
1950. 

nger ,  Berl in ,  1935. 

son Wellesley P r e s s ,  



Figure  1. - Folded Configuration of Two-Leaved Screw Surface. 




